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Abstract. We prove a "uniform" version of the finite density Halpern— Lauchli 
Theorem. Specifically, we say that a tree T is homogeneous if it is uniquely 
rooted and there is an integer b ^ 2, called the branching number of T, such 
that every t aT has exactly b immediate successors. We show the following. 

For every integer d ^ I, every bi, ...,b^ G N with bi ^ 2 for all i G {1, 
every integer k ^ 1 and every real < £ ^ 1 there exists an integer N with 
the following property. If {Ti,...,Tjj) are homogeneous trees such that the 
branching number of Ti is bi for all i g {1, ...,ci}, L is a finite subset of N 
of cardinality at least N and D is a subset of the level product of (Ti, ...,T^) 
satisfying 

IDn (Ti{n) X ... X Td{n))| ^ e|Ti{n) x ... x Ta{n)\ 

for every n Si L, then there exist strong subtrees of (Ti,...,T|j) of 

height k and with common level set such that the level product of {Si, ...,S'(j) 
is contained in D. The least integer N with this property will be denoted by 
UDHL(fei, ...,fed|fe,e). 

The main point is that the result is independent of the position of the finite 
set L. The proof is based on a density increment strategy and gives explicit 
upper bounds for the numbers UDHL(f)i , 6^ |fc, e). 

1. Introduction 

1.1. Statement of the problem and the main result. It is well-known that 
several results in Ramsey Theory have an infinite and a finite version. While the 
proofs of the infinite versions are usually conceptually "cleaner" and yield formally 
stronger results (see, e.g., |22j). an analysis of the corresponding finite versions 
gives explicit and non-trivial estimates for certain numerical invariants commonly 
known as Ramsey numbers. These invariants are of fundamental importance and 
are central for the development of Ramsey Theory (see |13) ) . 

The main goal of the present paper is to give an effective proof of a "uniform" 
version of the finite density Halpern-Lauchli Theorem and to obtain quantitative 
information on the corresponding "density Halpern-Lauchli" numbers. To proceed 
with our discussion it is useful at this point to recall the Halpern-Lauchli Theorem 
[15] . It is a rather deep pigeonhole principle for trees. It has several equivalent 
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forms which are discussed in great detail in [33l §3.1]. We wih state the "strong 
subtree version" which is the most important one from a combinatorial perspective. 

Theorem 1. For every integer d ^ 1, every tuple (Ti, ...,Td) of uniquely rooted 
and finitely branching trees without maximal nodes and every finite coloring of the 
level product 

IJ Ti{n) X ... xTd(n) 

riGN 

of (Ti, Td) there exist strong subtrees {Si, Sd) of (Ti, Td) of infinite height 
and with common level set such that the level product of (Si, Sd) is monochro- 
matic. 

We recall that a subtree 5' of a tree (T, <) is said to be strong if: (a) S is uniquely 
rooted and balanced (that is, all maximal chains of S have the same cardinality), (b) 
every level of S" is a subset of some level of T, and (c) for every non-maximal node 
s G S and every immediate successor t of s in T there exists a unique immediate 
successor s' of s in 5 with t ^ s' . The level set of a strong subtree 5 of a tree T is 
the set of levels of T containing a node of S. 

Although the notion of a strong subtree was isolated in the 1960s, it was high- 
lighted with the work of K. Milliken in [inillD] who used Theorem [T] to show that 
the family of strong subtrees of a uniquely rooted and finitely branching tree is 
partition regular. The Halpern-Lauchli Theorem and Milliken's Theorem can be 
considered as the starting point of Ramsey Theory for trees, a rich area of Combina- 
torics with significant applications, most notably in the Geometry of Banach spaces 
(see, for instance, |3l El El [III [161 [El [Til [33] and [11 E |M1 132] for applications). 

Theorem [1] has a density version that was conjectured by R. Laver in the late 
1960s and obtained, recently, in [7] . To state it let us recall that a tree T is said to 
be homogeneous if it is uniquely rooted and there exists an integer b ^ 2, called the 
branching number of T, such that every t & T has exactly b immediate successors. 

Theorem 2. For every integer d^ 1, every tuple (Ti, ...jTd) of homogeneous trees 
and every subset D of the level product of (Ti, ...TTd) satisfying 

\Dn{T,{n)x ...xTd{n))\ ^ ^ 
n^oo \Ti{n) X ... X Td(n)\ 

there exist .strong .subtrees {Si, Sd) of (Ti, Td) of infinite height and with com- 
mon level set such that the level product of (Si, Sd) is contained in D. 

We should point out that the assumption in Theorem [5] that the trees (Ti, Td) 
are homogeneous is not redundant. On the contrary, various examples given in [5] 
show that it is essentially optimal. 

While Theorem [2] is infinite-dimensional, it has a finite counterpart which is 
obtained via a standard compactness argument. Precisely, it follows by Theorem 
[2] that for every integer d ^ 1, every bi, fed £ N with bi ^ 2 for all i G {1, d}, 
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every integer k ^ I, every real < e ^ 1 and every AI — {mo < mi < ...} infinite 
subset of N, there exists an integer N with the following property. If (Ti, ...jTd) 
is a tuple of homogeneous trees such that the branching number of Ti is bi for all 
i £ {1, ...,d} and D is a subset of the level product of (Ti, T^) satisfying 

\D n (Ti(m„) X ... X rd(m„))| ^ £|ri(m„) x ... x Td(m„)| 

for every n ^ N, then there exist strong subtrees {Si,...,Sd) of {Ti,...,Td) of 
height k and with common level set such that the level product of {Si,...,Sd) 
is contained in D. We shall denote the least integer TV with this property by 
DHL(6i, ...,bd\k, e, M). We emphasize that the compactness argument yields that 
the integer DHL(6i, 6^1^, £, M) depends on the choice of the infinite set M . 

There are two basic problems left open by the previous approach. The first 
one is to provide explicit upper bounds for the numbers DHL(6i, &c;|fc, e, M). 
This is, of course, related to the ineffectiveness of the compactness method. The 
second problem lies deeper and concerns the uniform boundedness of the num- 
bers DHL(6i, 6c(|fc, e, Af) with respect to the last parameter. Precisely, if the 
parameters 6i, 6^, k and e are fixed, then does there exist an integer j such that 
DHL(6i, 6(i|fc, e, M) ^ j for every infinite subset M of N? In other words, is it 
true that a finite subset of the level product of a fixed tuple of homogeneous trees 
will necessarily contain a "substructure" as long as it is dense in sufficiently many 
levels? This information is needed in various applications ( 8 ) and constitutes the 
proper finite analog of Theorem [2] 

Our main result answers the above questions. Precisely, we show the following. 

Theorem 3. For every integer d ^ 1, every hi,. ..,bd G N with hi ^ 2 for all 
i e {1, every integer k ^ 1 and every real < e ^ 1 there exists an integer 

N with the following property. If (Ti, ...,Td) are homogeneous trees such that the 
branching number of Ti is bi for all i G {l,...,d}, L is a finite subset of N of 
cardinality at least N and D is a subset of the level product of (Ti, Td) satisfying 

\Dn{Ti{n) X ... X Td{n)) \ ^ e\Ti{n) x ... x Td{n)\ 

for everyn£L, then there exist strong subtrees {Si^...,Sd) o/ (Ti, T^) of height k 
and with common level set such that the level product of {Si, Sd) is contained in 
D. The least integer N with this property will be denoted by UDIIL(6i, bd\k, e). 

As we have already mentioned, the proof of Theorem [3] is effective and gives 
explicit upper bounds for the numbers UDIIL(6i, 6^1^, e)- These upper bounds 
are admittedly rather weak; they have an Ackermann-type dependence with respect 
to the "dimension" d. However, they are in line with several other bounds obtained 
recently in the area; see [121 [231 ES] . 

1.2. Related work. There are several results in the literature closely related to the 
one-dimensional case of Theorem|3l namely when we deal with a single homogeneous 
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tree. The earliest reference we are aware of is the paper [2] by R. Bicker and B. 
Voigt, though related problems have been circulated among experts much earlier. 
The first significant progress, however, was made by H. Furstenberg and B. Weiss in 
[To] who obtained a "parameterized" version of Szemerdi's Theorem on arithmetic 
progressions [3T|. Specifically, it was shown in [10] that for every integer 6^2, 
every integer k ^ 1 and every real < £ ^ 1 there exists an integer TV with the 
following property. If T is a finite homogeneous tree with branching number b and 
of height at least iV, L is a subset of {0, h(T) — 1} of cardinality at least eh{T) 
and £) is a subset of T satisfying 

\Dr\T{n)\ ^ e|T(n)| 

for every n € L, then D contains a strong subtree of T of height k whose level set is 
an arithmetic progression. We shall denote by FW(6|fc,e) the least integer N with 
this property. The method in [TD] was qualitative in nature, and as such, could not 
provide explicit estimates for the numbers FW(5|A;, e). The work of H. Furstenberg 
and B. Weiss was revisited, recently, in [3T] by J. Pach, J. Solymosi and G. Tardos 
who effectively reduced the aforementioned result to Szemeredi's Theorem with an 
elegant combinatorial argument. It follows, in particular, from the analysis in [21] 
that UDHL(6|/c, e) = Ob,e{k), an upper bound which is essentially optimal. 

The proof, however, of the higher-dimensional case of Theorem [3] follows quite 
different arguments and is closer in spirit to the "polymath" proof of the density 
Hales- Jewett Theorem [9]. It proceeds by induction on the "dimension" d and is 
based on a density increment strategy, a powerful and fruitful method pioneered 
by K. F. Roth 27 . 

1.3. Organization of the paper. The paper is organized as follows. In §2 we 
gather some background material. In §3 we introduce the concept of a level selec- 
tion. It is a natural notion permitting us to reduce the proof of our main result to 
the study of certain dense subsets with special properties. In §4 we give a detailed 
outline of the proof of Theorem [3] emphasizing, in particular, its main features. In 
the next three sections, §5-§7, we prove several preparatory results. We notice that 
these sections are largely independent of each other and can be read separately. 
This material is used in §8 which contains the last step of the argument. Finally, 
the proof of Theorem [3] is given in §9. 

To facilitate the interested reader we have also included, in an appendix, a 
sketch of the proof of the multidimensional version of Milliken's Theorem |20] . This 
result and the corresponding bounds are needed for the proof of Theorem [31 The 
arguments are essentially borrowed from [29 and are included for completeness. 

2. Background material 

By N = {0, 1,2, ...} we shall denote the natural numbers. The cardinality of a 
set X will be denoted by \X\ while its powerset wiU be denoted by 'P{X). If X 
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is a nonempty finite set, then by Kx^x we shall denote the average jy\ 'l2xex- 
it is clear from the context to which set X we are referring to, then this average 
will be denoted simply by E^;. For every function / : N — >■ N and every k G N by 
: N — !> N we shall denote the fc-th iteration of / defined recursively by the rule 
/(0)(n) = n and f''+^\n) = f{f^''\n)) for every n e N. 

2.1. Trees. By the term tree we mean a nonempty partially ordered set (T, <) such 
that the set {s € T : s < is finite and linearly ordered under < for every t € T. 
The cardinality of this set is defined to be the length of t in T and will be denoted 
by irit)- For every n G N the n-level of T, denoted by T(n), is defined to be the 
set {t€T : Irit) = n}. The height of T, denoted by h(T), is defined as follows. If 
there exists fc e N with T{k) = 0, then we set h{T) = max{n e N : T{n) ^ 0} + l; 
otherwise, we set h{T) = oo. 

For every node t of a tree T the set of successors of f in T is defined by 

(1) SuccT(t) = {s €T :t ^ s}. 

The set of immediate successors of t in T is the subset of SuccT(i) defined by 
ImmSuccT(i) = {s G T : t ^ s and iris) = irit) + 1}. A node t e T is said to be 
maximal if the set ImmSuccT(i) is empty. 

Let n G N with n < h{T) and F C T(n). The density of F is defined by 

(2) dens(F) = J3_. 

More generally, for every m G N with m ^ n and every t G T{m) the density of F 
relative to the node t is defined by 

, , N l-F" n Succrfi)! 

I - iTHnSuccld)! - 

A subtree 5 of a tree (T, <) is a subset of T viewed as a tree equipped with the 
induced partial ordering. For every n G N with n < h{T) we set 

(4) T \ n = T{0)[J ...UT{n). 

Notice that h(T \ n) = n + 1. An initial subtree of T is a subtree of T of the form 
T \ n for some n G N. 

A tree T is said to be balanced if all maximal chains of T have the same cardi- 
nality. It is said to be uniquely rooted if |T(0)| = 1; the root of a uniquely rooted 
tree T is defined to be the node T(0). 

2.2. Vector trees. A vector tree T is a nonempty finite sequence of trees having 
common height; this common height is defined to be the height of T and will 
be denoted by h{T). We notice that, throughout the paper, we will start the 
enumeration of vector trees with 1 instead of 0. 

For every vector tree T = (Ti, T4) and every n G N with n < h{T) we set 

(5) T\n={Ti\n,...,Td\n). 
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A vector tree of this form is called a vector initial subtree of T. Also let 



(6) 



T(n) 



{Ti{n),...,Td{n 



)) 



and 



(7) 



(8)T(n) 



Ti(n) X ...xTd{n). 



The level product of T, denoted by (8>T, is defined to be the set 




Finally, we say that a vector tree T = (Ti,...,Td) is uniquely rooted if for every 
i G {l,...,d} the tree Ti is uniquely rooted. Notice that if T is uniquely rooted, 
then T(0) = «)T(0); the clement T(0) wiU be called the root of T. 

2.3. Strong subtrees and vector strong subtrees. A subtree S* of a uniquely 
rooted tree T is said to be strong provided that: (a) S is uniquely rooted and 
balanced, (b) every level of 5 is a subset of some level of T, and (c) for every 
non-maximal node s G S and every t G ImmSuccT(s) there exists a unique node 
s' e ImmSucc5(s) such that t < s'. The level set of a strong subtree 5 of T is 
defined to be the set 



The concept of a strong subtree is naturally extended to vector trees. Specifically, 
a vector strong subtree of a uniquely rooted vector tree T = (Ti, ...,7^) is a vector 
tree S = (5*1, ...,Sd) such that Si is a strong subtree of Ti for every i e {l,...,d} 



2.4. Homogeneous trees and vector homogeneous trees. Let b € N with 
6^2. By b^^ we shall denote the set of all finite sequences having values in 
{0, ...,6—1}. The empty sequence is denoted by and is included in 6^^. We view 
as a tree equipped with the (strict) partial order C of end-extension. Notice 
that 6^^ is a homogeneous tree with branching number b. If n ^ 1, then stands 
for the initial subtree of of height n. For every t,s G 6^^ by t^s we shall denote 
the concatenation of t and s. 

For technical reasons we will not work with abstract homogeneous trees but with 
a concrete subclass. Observe that all homogeneous trees with the same branching 
number are pairwise isomorphic, and so, such a restriction will have no effect in the 
generality of our results. 

Convention. In the rest of the paper by the term "homogeneous tree" (respectively, 
"finite homogeneous tree") we will always mean a strong subtree ofb"^^ of infinite 



(10) 



Lt{S) = {to e N : exists n < h{S) with S{n) C T{m)}. 



and LtASi) = ■.■ = LTASd)- 
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(respectively, finite) height for some integer 6^2. For every, possibly finite, ho- 
mogeneous tree T by br we shall denote the branching number ofT. We follow the 
same conventions for vector trees. In particular, by the term "vector homogeneous 
tree" (respectively, "finite vector homogeneous tree") we will always mean a vector 
strong subtree o/ fe^^) of infinite (respectively, finite) height for some in- 
tegers bi,...,bd with bi ^ 2 for all i € {1, ...,d}. For every, possibly finite, vector 
homogeneous tree T = (Ti, ...,T(i) we set 6t = (^Ti, br^). 

The above convention enables us to effectively enumerate the set of immediate 
successors of a given non-maximal node of a, possibly finite, homogeneous tree T. 
Specifically, for every non-maximal t gT and every p e {0, 6t — 1} let 

(11) t^'^p = ImmSuccT(t) H SucC(,<n 
and notice that 

(12) ImmSuccT(t) = {f^'^p : p € {0, br - !}}■ 

2.5. Canonical isomorphisms and vector canonical isomorphisms. Let T 

and S be two, possibly finite, homogeneous trees with the same branching number 
and the same height. The canonical isomorphism between T and S is defined to be 
the unique bijeetion I : T ^ S satisfying: (a) irit) = ^-s{Mt)) for every t <eT, and 
(b) l{t^'^p) = l{t)^^p for every non- maximal t G T and every p G {0, ...,bT — !}• 
Observe that if is a strong subtree of T, then the image I(i?) of R under the 
canonical isomorphism is a strong subtree of S and satisfies Lt{R) = Ls{l{R)). 

Respectively, let T = (Ti,...,Td) and S = {Si,...,Sd) be two, possibly finite, 
vector homogeneous trees with &t = bs and h{T) = h{S). For every i G {1, ...,d} 
let Ij be the canonical isomorphism between Tj and Si. The vector canonical iso- 
morphism between (g)T and 0S is the map I : (8)T — > 0S defined by the rule 

(13) I((ti,...,id)) = (Ii(ti),...,ld(td)). 
Notice that the vector canonical isomorphism I is a bijeetion. 

2.6. Milliken's Theorem. For every finite vector homogeneous tree T and every 
integer 1 ^ fc ^ '^(T) by Strfe(T) we shall denote the set of all vector strong subtrees 
of T of height k. We will need the following elementary fact. 

Fact 4. Let d G N with d ^ 1 and bi, fod G N with 6j ^ 2 for all i G {1, d}. 
Also let m & N and define 

(14) q[bi,...,bd,m) . 

I{i=i K - I[i=i bi 

If T is a finite vector homogeneous tree with 6t = (&!,•••, &d) (ind of height at least 
m + 2, then the cardinality of the set 

(15) Str2(T, m + l) = {FG Str2(T) : 0F(1) C ^T{m + 1)} 
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is q{bi, ...,bd,m). 

The following partition result is due to K. Milliken (see ^D] Theorem 2.1]). 

Theorem 5. For every integer d ^ 1, every bi,...,bd G N with bi ^ 2 for all 
i G {1, d}, every pair of integers m ^ k ^ 1 and every integer r ^ 2 there exists 
an integer M with the following property. For every finite vector homogeneous tree 
T with 6t — {bi, ■■■,bd) and of height at least M and every r-coloring of the set 
Strfc(T) there exists S G Strm(T) such that the set Strfe(S) is monochromatic. The 
least integer M with this property will be denoted by Mil(6i, 6rf|m, fc, r). 

The original proof of Theorem [5] was ineffective, and as such, could not provide 
quantitative information on the numbers Mil(&i, bd\m, k, r). An analysis of the 
finite version of Milliken's Theorem has been carried out recently by M. Sokic in [29] 
yielding explicit and reasonable upper bounds. In particular, we have the following 
refinement of Theorem [S] 

Theorem 6. For every integer k ^ 1 there exists a primitive recursive function 
: N"^ ^ N belonging to the class £^+^ of Grzegorczyk's hierarchy such that for 
every integer d ^ 1, every bi,...,bd G N with bi ^ 2 for all i G {l,...,d}, every 
integer m ^ k and every integer r ^ 2 we have 

d 

(16) Mil(6i,...,6d|m,fc,r) «;0fc([]&^,m,r). 

1=1 

Theorem |6] was not explicitly isolated in [29]. For the convenience of the reader 
and for completeness, we will sketch the proof in the appendix. 

We will also need a certain consequence of Theorem [S] To state it we need, first, 
to introduce some notation. Specifically, for every finite vector homogeneous tree 
T and every integer 1 ^ fc ^ ^(T) we set 

(17) Str°(T) = {S G Strfe(T) : S(0) = T(0)}. 

Corollary 7. Let G N with d ^ I and bi,...,bd G N with bi ^ 2 for every 
i G {1, d}. Also let m, fc, r G N with m ^ k ^ 1 and r ^ 2. If T is finite vector 
homogeneous tree with 6t — - .-jbd) and 

(18) /i(T) ^ Mil(6i^^^,...,6d^_^|m,fc,r) +1 

fci— times fcrf— times 

then for every r-coloring o/ Str^_|_]^(T) there exists R G Str^,j^]^(T) such that the 
set Str^^j^(R) is monochromatic. 



The reduction of Corollary [7] to Theorem [5] is standard; see, e.g., [19 l [20 ] [33]. 



DENSE SUBSETS OF PRODUCTS OF FINITE TREES 



9 



2.7. The signature of a subset of a finite homogeneous tree. Let T be a 

finite homogeneous tree and D he a subset of T. Following ^2ij, we define the 
signature oi D in T to be the set 

(19) SriD) = {LriS) : S is a strong subtree of T with S CD}. 
Also let 

(20) wriD)^ dens{DnT{n)). 

n<h{T) 

The following result is due to J. Pach, J. Solymosi and G. Tardos and relates the 
above defined quantities (see [2T| Lemma 3']). 

Lemma 8. Let T be a finite homogeneous tree. Then for every D C_T we have 

(21) \Srm (^) . 
Notice that, by Lemma 13 we have 

(22) UDHL(6|fc, e) = Ob,£(fc) 

for every integer 6^2, every integer fc ^ 1 and every real < £ ^ i. The implied 
constant in (|22l) can, of course, be estimated efficiently using ChernofF's bound. 

2.8. Two Markov-type inequalities. Throughout the paper we will use two 
elementary variants of Markov's inequality. We isolate them, below, for the conve- 
nience of the reader. 

Fact 9. Let 0<e^l, iVGN with N ^ 1 and ai, ...,aN in [0, 1]. Assume that 
EiQi ^ e. Then for every < e' < e we have \ {i G {1, N} : Ui ^ e'} \ ^ {£ — £')N. 

Fact 10. Let 0<e^l, NeN with N ^ 1 and ai,...,aN in [0,1] such that 
EiUi ^ £. Also let S > and assume that \{i e {!,..., N} : m ^ e + 5^}| ^ 6^N. 
Then \{ie {1,...,A^} : a, ^ e - S}\ ^ {1-6)N. 

3. Level selections 

We start with the following definition. 

Definition 11. Let T be a finite vector homogeneous tree and W a homogeneous 
tree. We say that a map D : (g)T — > V{W) is a level selection if there exists a 
subset L{D) = {Iq < ... < lh{T)-i} ofN, called the level set of D, such that for 
every integer n < /i(T) and every t £ ®T(n) we have that D{t) C W{ln). 

For every level selection D : ®T — V{W) the height h{D) of D is defined to be 
the height h{T) of the finite vector homogeneous tree T. The density S{D) of D is 
the quantity defined by 

(23) d{D) = min {dens(i:'(t)) : t G (g)T}. 

Finally, if S is a vector strong subtree of T, then by D \ S we shall denote the 
restriction of the level selection D on (g)S. 
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We are ready to state our main result concerning the structure of level selections. 

Theorem 12. For every integer d ^ 1, every bi, ...,bd,bd+i G N with bi ^ 2 for 
all i G every integer k ^ 1 and every real < £ ^ 1 there exists 

an integer N with the following property. If T — {Ti, ...,Tj) is a finite vector 
homogeneous tree with 6t = (^i, ■■■,bd), W is a homogeneous tree with bw — bd+i 
and D : ®T —5- ViW) is a level selection with S{D) ^ e and of height at least N , 
then there exist a vector strong subtree S of T and a strong subtree R of W with 
h{S) — h{R) — k and such that for every n G {0, fc — 1} we have 

(24) R{n)C fl D{s). 

se(»S(ri) 

The least integer N with this property will be denoted by LS(6i, ...,bd+i\k,e). 

Theorem [12] is the main ingredient of the proof of Theorem |3l Its proof will 
occupy the bulk of this paper and will be given in §9. Let us mention, however, at 
this point the following simple fact which provides the link between the "uniform 
density Halpern-Lauchli" numbers and the "level selection" numbers. 

Fact 13. For every integer d ^ I, every 6i, 6^, &c;+i G N with bi ^ 2 for all 
iG {!,..., d+l}, every integer k ^ 1 and every real < e ^ 1 we have 

(25) UDHL(6i, bd+i\k, e) UDHL(6i, 6<i|LS(&i, bd+i\k, e/2), e/2). 

Proof. For notational convenience we set m = LS{bi, ...,bd+i\k, e/2). We fix a 
vector homogeneous tree {Ti, ...,Td,W) with feji — bi for all i G {l,...,d} and 
bw = bd+i and we set T = (Ti, Td). Also let L be a finite subset of N with 

(26) |L| ^UDHL(6i,...,&d|m,£/2) 

and I? be a subset of the level product of (Ti, T^, W) such that 

(27) |L»n (Ti(n) X ... x Td{n) x W{n)) \ ^ e\Ti{n) x ... x Td{n) x W{n)\ 

for every n ^ L. We need to find a vector strong subtree of (Ti, Td, W) of height 
k whose level product is contained in D. 

To this end we argue as follows. For every n € L we define a subset C„ of ®T{n) 
by the rule 

(28) t G C„ ^ dens({u; G W{n) : (t, w) G D}) ^ e/2 
and we observe that 

(29) \Cn\^ {e/2)\(^T{n)\. 

By I^E^ and (P^ . there exists a vector strong subtree Z of T with h{Z) = m and 
such that (g)Z C [j^^^ C„. Therefore, the "section map" D : ®Z ^ ViW), defined 
by D{z) = {w € W : {z,w) € D} for every z G ®Z, is a level selection of height 
m and with S{D) ^ e/2. By the choice of m, it is possible to find a vector strong 
subtree S = (5*1, Sd) of Z and a strong subtree R of W with h{S) — h{R) — k 
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and satisfying the inclusion in ((24|) for every n G {0,...,fc — 1}. It follows that 
{Si, Sd, R) is a vector strong subtree of {Ti, ...,Td,W) of height k whose level 
product is contained in D. Thus, the proof is completed. □ 



4. Outline of the argument 

In this section we will give a detailed outline of the proof of Theorem [3] The first 
step is given in Fact [131 Indeed, by Fact [131 the task of estimating the "uniform 
density Halpern-Lauchli" numbers reduces to that of estimating the "level selec- 
tion" numbers. To achieve this goal, we will follow an inductive procedure which 
can be schematically described as follows: 

^3^^ UDHL(6„...,6,K,,) for every ^ and, l^g^^^^^^^^^^^i^^^^^^^ 
hS{bi,...,bd+i\k,ri) for every 77 J 

Precisely, in order to estimate the number hS{bi, ...,bd+i\k + we need to 
have at our disposal the numbers UDIIL(6i, 6^1^, ry) as well as the numbers 
LS(6i, &d+i|fc, ??) for every integer £ ^ and every 77 G [6*0,1] where £q is a 
large enough integer and is an appropriately chosen positive constant which is 
very small compared with the given density e. 

Before we proceed to discuss the main arguments of the proof we need to make 
some important observations. Specifically, let T be a finite vector homogeneous tree 
and suppose that we are given a subset A of the level product ®T of T. We need an 
effective way to measure the size of the set A where the word "effective" should be 
interpreted as "taking into account how the set A is distributed along the products 
of different levels of T". Notice that the uniform probability measure on dg)T is 
rather ineffective in this regard since it is highly concentrated on the products of 
very few of the last levels of T. There is, however, a very natural way to overcome 
this problem, discovered by H. Furstenberg and B. Weiss in [TO]. Specifically, let 

(31) Mt(A) = En</i(T)- 



>T(n)| ■ 

Actually, H. Furstenberg and B. Weiss considered finite homogeneous trees instead 
of level products of finite vector homogeneous trees. It is completely straight- 
forward, however, to extend their definition to the higher-dimensional case. The 
reader should have in mind that, in what follows, when we say that a certain prop- 
erty holds for "many" or for "almost every" t G CS)T, then we will refer to the 
probability measure /iT- 

After this preliminary discussion we are ready to comment on the proof of the 
basic step of the inductive scheme described in ([30l) . So assume that the parameters 
&i, bd+i, k and s are fixed and that we are given: (i) a finite vector homogeneous 
tree T with 6t — (61, bd), (ii) a homogeneous tree W with b\y = bd+i, and (iii) 
a level selection D : (g)T — > V{W) with 6{D) ^ e and of sufficiently large height. 
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What we need to find is a vector strong subtree S of T and a strong subtree R of 
W with h{S) = h{R) = fc + 1 and such that 



for every n G {0, k}. 

Let r be a small enough parameter depending on our data bi, ...,bci+i, k and 
e. The first observation we make is quite standard in proofs of this sort: we can 
assume that for every w € W we cannot increase the density of the level selection 
-D to e + r by restricting its values to the subtree Succn/(w). Indeed, suppose that 
there exists a node w G W such that for "many" t € (8)T the density of the set D{t) 
relative to the node w is at least e + r. Then we can find a new level selection D' 
whose graph is contained in D and such that S{D') ~^ e + r. The number of times 
this can happen is, of course, bounded by [1/r] until the density reaches 1 and we 
can finish the proof in a particularly simple way. 

Thus, in what follows we can assume that we have "lack of density increment" , 
or equivalently, that the following concentration hypothesis holds true. 

(H) If Z is a vector strong subtree of T of sufficiently large height, then for 
"almost every" w €:W and for "almost every" z e (8)Z the density of the 
set D{2,) relative to the node w is roughly e. 

With this information at hand, we devise an algorithm in order to find the desired 
trees S and R. The number of times we need to iterate this algorithm is at most 
Kq = UDHL(6i, hd\2, ej (46d+i)) , and so, it is a priori controlled. Each time we 
perform the following three basic steps. 

Step 1. Suppose that we are at stage n + 1. Prom the previous iteration we will 

have as an input a vector strong subtree Z„ of T, a node Wn E W and p„ £ 
{0, — 1} satisfying certain properties. These properties are used to define 

a subset An+i of Succwiw^^Pn) with dens(A„ | w^^pn) ^ s/8. We view the set 
An+i as an "admissible" subset of W. Next, we find a vector strong subtree V of 
Z„ with V \ n + 1 = Zn \ n + 1 and of sufficiently large height, as well as, a node 
w S An+i such that for every integer m > n + I and every v G C>5V(m) the density 
of the set D{v) relative to every immediate successor w' of w is almost e. This is 
achieved using hypothesis (H). 

Step 2. We perform coloring arguments, using Milliken's Theorem, in order to find 

the desired trees S and R. If we do not succeed, then wc will be able to select a 
vector strong subtree B of V with B \ n + 1 = Y \ n + 1 and of sufficiently large 
height, a subset r„+i of ®V(n + 1) of cardinality at least (£/46d+i)|® V(n + 1)| 
and p G {0, bd+i — 1} with the following property. For every v G r„+i and every 



(32) 




se0S(n) 
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S e Strfc+i(B) with S(0) = v the set 

k 

(33) y ( fl i?(s)nSuccH/(u;-») 

n=l s£®S(n) 

does not contain a strong subtree of W of height k. 

Step 3. We use the aforementioned property to show that the level selection D 
is rather "thin" when restricted to Succvi/(it;'""'p). Specifically, let ro,...,r„+i be 
the sets obtained by Step 2 from all previous iterations. We find a vector strong 
subtree Z' of B with Z' fri + l = B \ n + 1 and of sufficiently large height and 
satisfying the following. For every F e Str2(Z') with F(0) e Fq U ... U F„+i and 
(g)F(l) C (g)Z'(n + 2) the density of the set 

(34) fl i^(t) 

te«)F(i) 

relative to the node w'^^p is essentially negligible. We set Z„+i = Z', Wn+i = w 
and Pn+i = P and we go back to Step 1. 

If after iterations the desired trees S and R have not been found, then using 
the sets {Fq, F^o-i} obtained by Step 2 we can easily derive a contradiction. 
Having shown that the above algorithm does locate the trees S and i?, we can 
analyze each step separately and estimate the number LS(5i, |fc + 1, e). And 
as we have already pointed out, this is enough to complete the proof of Theorem |3l 

5. Step 1: obtaining strong denseness 

We start with the following definition. It is a crucial conceptual step towards 
the proof of Theorem [31 

Definition 14. Let T he a finite vector homogeneous tree, W a homogeneous tree 
and D : (giT — )■ T'{W) a level selection. Also let S be a vector strong subtree ofT, 
w eW and < £ < 1. 

(1) We say that D is (w, S,e)-dense provided that £w{w) ^ mini(Z? \ S) and 
dens(£'(s) \ w) e for every s £ ®S. 

(2) We say that D is (w, S, £)-strongly dense if D is {w' ,S,e)- dense for every 
w' G ImmSuccw(w). 

5.1. Lack of density increment implies strong denseness. For every < a ^ 
/3 ^ 1 and every < g ^ 1 we set 



(35) jo^j^{a,l3,g) = {f3 + g^-a)^/\ 

(36) 7l=7l(a,/3,^') = (7o+7o)'^' 
and 

(37) 72 =72(a,/3,^?)-(7l+7f)'/'• 
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The following lemma corresponds to the first step of the proof of Theorem [3l It 
is based on the phenomenon we described in §4, namely that "lack of density 
increment" implies a strong concentration hypothesis. 

Lemma 15. Let d G N with d ^ 1 and bi,...,bd G N with bi ^ 2 for every 
i G {l,...,d} and assume that for every integer n ^ 1 and every < 77 ^ 1 the 
numbers \JD}IL{b I, ...,bd\n,ri) have been defined. 

Also letO<a^P^l,0<g^l and 6, g G N with 6^2 and q ^ I such that 




Assume that we are given 

(a) a finite vector homogeneous tree U with bu — (61, bd), 

(b) a homogeneous tree W with bw = b, 

(c) a node wq €W and £ G N with ^w{wQ) ^ 

(d) a subset A ofSnccwiwo) n W((.) with dens(A | wq) ^ (3/8, 

(e) a subset LofN with \L\ ~ h(\J) and £ < minL, and 

(f) for every j G {1, ...,q} a level selection Dj : ®U — > ViW) with L{Dj) = L 
and which is (voq^XJ , a) -dense. 

Finally, let N Cz N with N ^ 1 and suppose that 

(39) h{V) ^ ^UDHL(&i, bd\N, g"^). 
Then, either 

(i) there exist a vector strong subtree U' 0/ U with h(\J') = N, jo G {1, ...,(7} 
and a node w'q G Succvi/(it'o) ri W{£ + 1) such that the level selection Dj„ is 
{w'o,\J',l3 + g'^/2)-dense, or 

(ii) there exist a vector strong subtree U" of U with /i(U") ~ N and a node 
Wq G a such that Dj is {wq, U", a — 70 — 7i — ^2) -strongly dense for every 
J e {l,...,q}. 

5.2. Proof of Lemma llSl We will consider four cases. The first three cases imply 
that alternative (i) holds true while the last one yields alternative (ii). Before we 
proceed to the details, we isolate for future use the following elementary facts. 

{Vl) a + 7^ = a - 70 + 7? = a - 70 - 71 + 7I = /3 + fii^. 
iV2) 0<gs:jo< l3/{8bq) < 1/8. 
iV3) 71 < 27o^/' and 72 ^ 27^^^^ 

The above properties are straightforward consequences of (|35|) . (|36l). (|37l) and (p8| . 
Also for every j G {1, ...,q} and every w G Succw(u'o) fl VF(i' + 1) we set 

(40) Aj- „ = {u G ®U : dens(i:>j(u) \ w) ^ (3 + g^/2}, 



(41) 



Ij,w = {n< /i(U) : Eug^u(«)dens(i:)j(u) \ w) (3 + g"^} 
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and 

(42) Kj^^ = {n< h{V) : |Aj- „ n (g)U(?i)| ^ ^?^|(g) U(?i)|}. 

After this preliminary discussion, we are ready to distinguish cases. 

Case 1: there exist Jq G {1, ■■■,q} and a node w'q G Svlccw (wq) HW {£ + 1) such that 
E„<;i(u)Eue®u(«)dens(L'j(,(u) \ w'q) ^ P + . Using our hypotheses and applying 
FactEltwice, we see that there exists A C {0, ...,/i(U) - 1} with |A| ^ (£)^/4)/i(U) 
and such that ^ ®U(n)| ^ [g^ / A)\®\J{n)\ for every n G A. Notice that 

£,2 1311 1 {V2) 

(43) \K\^^h{\5) ^ — UDHL(&i,...,6rf|7V,^?3) ^ UDHL(6i, 6<j|7V, f7V4). 

4 4gi 

Therefore, there exists a vector strong subtree U' of U with h{\J') = N and such 
that ®U' C Ajg^iu'^. Hence the level selection Djg is (wq,U',/3 + g^/2)-dense, and 
so this case implies part (i) of the lemma. 

Case 2: there exist Jq G {!,...,<?} and a node w'q G Succvi^(wo) n W{£ + 1) such 
that |/jo,t«J g^h{V). By Fact El we have |Aj,^^^ n(g)U(n)| ^ (£(V2)|«' U(n)| for 
every n G Ijo,w'g- Moreover, 

(44) ^ e3^(U) ^ lJBRL{bi,...,bd\N,g^) ^ \JDllL{bi, ...,bd\N, gy2). 

Arguing as above, we see that this case also implies part (i) of the lemma. 

Case 3: there exist Jq G {1, ■■■,q} and a node w'q G Succ\y (wq) DW {£ + 1) such that 
\Kjo,w'J > 6|3/i(U). By dag), we have lifj^.^J > UDHL(6i, 6d|iV, £<3). Moreover, 
by the definition of the set Kj^^^^'^ in (|^ . we see that |Aj„^t„^n(X)U(n)| ^ £i^|(X)U(n)| 
for every n G Kj^ .^'^. Thus, this case also implies part (i) of the lemma. 

Case 4: none of the above cases holds true. In this case we will show that the 
second alternative of the lemma is satisfied. It is useful at this point to isolate 
which hypotheses we have at our disposal. In particular, notice that for every 
j G {1, q} and every w G Succn/(wo) H W{i + 1) we have 

(HI) E„<,,(u)]Eue®u(n)dens(i:)j(u) \ w) < 13 + g'^, 
(H2) < g^h{\J) and 

(H3) \K^,J < g^h{\J). 

We set 

(45) ao a - 70 

and we define B C Succvy(ti;o) r\W{l+ 1) hy the rule 

(46) w e B 4^ E„<,j(u)IEug®u(n)dens(i:>j (u) \ w) ^ ao for every j G {1, q}. 
Claim 16. We have \B\ ^ {1 - qjQ)\Snccw{wo) nW{£ + 
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Proof of Claim [TR For every j e {1, ...,q} and every w G Snccw{wo) Ci W{1 + 1) 
we set ej,u, = E„<,i(u)]Eue®u(n)dens(i:)j(u) | w). Also let 

(47) = {w e Succw(wo) n W{1 + 1) : e^^^ ^ ao}- 

Clearly, it is enough to show that \Bj\ ^ (1 — 7o)|Succiv(wo) m/F(i? + 1)| for every 
j G {!,..., g}. To this end let j G {!,..., q} be arbitrary. By (HI), for every node 
w G Succh'(uio) n W(l + 1) we have 

(48) e,,„ < /3 + f?2 ( = ^ a + 

On the other hand, the level selection Dj : ®\J P{W) is (wo, U, a)-dense. Since 
the tree W is homogeneous, this yields that 

(49) ^weSuccwiwo)nw{e+i)^j,w = IE„<,i(u)IEue®u(n)dens(£'j(u) | wq) ^ a. 
Combining (US)) and (HH]) and using Fact [TUl the result follows. □ 
Claim 17. There exists Wq G ^ such that ImmSuccvi/(ifo) C _B. 

Proof of Claim\T^ We set = {w G Succh/(wo) n W{e) : ImmSuccvi/ (w) ^ B}. 
By Claim [12] and using the fact that the branching number of the homogeneous 
tree W is b, we see that the cardinality of F is at most bqjo\Snccw (wq) fl W{£)\. 
On the other hand, we have \A\ > (/3/8)|Succw(fi'o) H M^(^)|. Invoking property 
(7^2), the resuh follows. □ 

Now we set 

(50) ai=ao-7i a - 70 - 71 
and we define M C {0, h{XJ) — 1} by the rule 

(51) n G A/" <^ Eugg,u(„)dens(I?j (u) | w) ^ ai for every j G {1, q} 

and every w G ImmSuccw(wo )■ 
Claim 18. We have \JV\ ^ (1 - 6(?7i)/i(U). 

Proof of Claim [HI We will argue as in the proof of Claim [TBI Specifically, for 
every j G {1, g}, every w G ImmSuccn/(wQ ) and every integer n < /i(U) we set 
ej,u,,„ = Eugg,u(„)dens(L'j(u) | w) and 7Vj,„ = {n < /i(U) : ej,tu,„ ^ ai}. Since 
the branching number of the homogeneous tree W is b, it is enough to show that 
\-^j.w\ 5^ (1 ^ 7i)^(U) for every j G {!,..., q} and every w G ImmSuccvF (wq ). So 
fix j G {1, q} and w G ImmSuccvF(wo )• By (H2), we see that 

(P2),|2nj 

(52) \{n < h{lJ) : e,- ^(3 + g^}\ < g^hilJ) ^ iMV). 

By Claim [171 we have w G ImmSuccvF(ti'o ) ^ B- Therefore, invoking the definition 
of the set B given in PS|) . we get 

(53) 
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Finally, by (Vl) and (|45|) . we have + — ao+jf. Thus, combming the estimates 
in (f52|) and (|53|) and using Fact [TOl the result follows. □ 

Next we set 

(54) a2 = ai — 72 = a — 70 — 71 — 72 
and 

(55) AA*=A/-\(U U K,^^). 

Notice that if n £ A/"*, then for every j e {1, ...,<;} and every w G InimSuccvi/(wo ) 
we have that n ^ Kj ^ and so 

(56) |{u e (E>lJ{n) : dens(i:>j(u) \ w) ^ l3 + g^}\ < |Aj- „ n (8)U(n)| 



< £''|®U(n)| 

(P2),|S3 ^ 

< 7||0U(n)|. 

Claim 19. The following hold. 

(i) W^e have jA/"*! > (1 - 6971 - 6g^?3)/^(U). 

(ii) For every n G Af* , every j G {!,..., q} and every w G InimSuccvi/(u'Q ) we 
have that \{u G ^U{n) : dens{Dj{u) \ w) ^ a2}\ ^ (1 -72)!® U(n)|. 

Proof of Claim [7P1 By Claim [TTl and our assumptions for the set A, we see that 
ImmSucciv(wQ) C Succt4'(u'o) n W{i+ 1). Thus, part (i) follows by Claim [TE\ and 
hypothesis (H3). On the other hand, by property (Vl) and ([50|) . we have that 
P + g'^ ^ ai+j^. Therefore, part (h) follows hy ^ and Fact [TOl □ 

We are ready for the final step of the argument. Let A* be the subset of (g)U 
defined by the rule 

(57) u G A* <^ dens(£'j(u) | w) ^ q;2 for every w G ImmSuccvK(u'o ) 
and every j G {1, ...,(?}. 

By part (u) of Claim [HI we get that |A* n ®U(n)| > (1 - 6g72)|«) U(n)| for every 
n G J\f*. Moreover, 

58 1-5(772 > l-25(?7o'/^ ^ 1-26(7—^- ^ 

4o(7 2 

and, by part (i) of Claim [TOl 

(•P2),i[3Hl 

(59) |AA*| ^ (1 - 6g7i - 6g(?3)/i(U) ^ (1 - 26g7i);i(U) 



(•P3) , \M / / a \ 2\ 

^ (1 - 46g7o/')MU) ^ (l-46g(— ) )MU) 

1 (P2) 1311 

^ -/i(U) ^ ^^3;^(U) ^ UDHL(6i,...,6rf|7V,^.3) 
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Therefore, there exists a vector strong subtree U" of U with h{XJ") ~ N and such 
that (E)XJ" C A*. Invoking the definition of A* and ([54|) . we conclude that for every 
j e {!,..., q} the level selection Dj is {wQ,XJ",a — 70 — 7i — 72)-strongly dense. 
Thus, the proof of Lemma [TSl is completed. 

5.3. Consequences. Lemma [TSl will be used, later on, in a rather special form. 
We isolate, below, the exact statement that we need. 

Corollary 20. Let d G N with d ^ 1 and bi,...,bd S N with bi ^ 2 for every 
i G and assume that for every integer n ^ 1 and every < 77 ^ 1 the 

numbers VD}llj{bi, ...,bd\n,r]) have been defined. 

Let < a ^ /3 ^ 1 and < g ^ 1 and define 70, 71 and 72 as in i35\). iS6]) and 
|,57[ ) respectively. Also let 6, to G N with 6^2 and such that 



(a) a finite vector homogeneous tree Z with bz — bj) and h{Z) ^ m + 2, 

(b) a homogeneous tree W with by^ = b, 

(c) a node w £W and £ G N with twiw) ^ I, 

(d) a subset A ofSnccw{w) n W{(.) with dens(^ | w) ^ /3/8, 



(f) a level selection D : C>5Z — > V{W) which is (w, Succz(z), a)-dense for every 
z G (8)Z(to + 1) and with L{D) = L. 
Finally, let N (z N with N ^ 1 and suppose that 



Then, either 

(i) there exist a vector strong subtree V of Z with h(V) = N and a node 

w' G Succvy (w) n W{£ + 1) such that D is {w' , V, /3 + /2)-dense, or 
ill) there exist a vector strong subtree Z' of Z with Z' f to = Z |" to and 
h{'L') = (m + 1) + and a node w" G A such that the level selection D is 
{w" , Succz'(z), a — 70 — 7i — j2)-strongly dense for every z G ®Z'(to + 1). 

Proof Let A = /i(Z)-(to + 1) and g = (nf^i Notice that I® Z{to + 1)| = 

Also we write Z = {Zi, Zd) and we set B = {bf^, b"^^). 

Let z G (g)Z(TO + 1) be arbitrary and write Succz(z) = {Zf, Z^). For every 
i G {!,..., d} the finite homogeneous trees bf^ and Zf have the same branching 
number and the same height. Therefore, as we described in §2.5, we may consider 
the canonical isomorphism : bf^ Zf. The same remarks, of course, apply to 
the finite vector homogeneous trees B and Succz(z). Thus we may also consider 
the vector canonical isomorphism Iz : (8)B — (g)Succz(z) given by the family of 
maps {if : i G {1, via formula ([T^. Notice that for every z,t G ®7i{m + 1) 



(60) 




Assume that we are given 



(e) a subset L = {Iq < ... < lh(z)-i} ofN such that Im — £ and 



(61) 



h{Z) ^ (to + 1) + — UDHL(6i, bd\N, Q^"). 
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and every i G {1, ...,d} if Zf = (that is, if the finite sequences z and t agree on 
the i-th coordinate), then the maps If and I* are identical. 

For every z £ ®Z(to + 1) we define a level selection D^. : ^ P{W) by 

(62) D,{u)=D{Uu)). 

It is then clear that we may apply Lemma[T5]to the family {D^ : z G (g)Z(m + 1)}. 

If the first alternative of the lemma holds true, then we get a vector strong subtree 
U' of B of height N, Zq G (g)Z(m + 1) and a node w' G Succm/(w) n W{e + 1) such 
that the level selection D^g is {w\ V , (3 + g^/2)-dense. We set V = Izj,(U') and we 
observe that with this choice part (i) of the corollary is satisfied. 

Otherwise, we get a vector strong subtree U" = {Ui, ...,Ud) of B of height N 
and a node w" G A such that D^. is {w" , U", a — 70 — 7i — 72)-strongly dense for 
every z G 8)Z(m + 1). In this case, for every i G {1, ...,d} let 

(63) Z', = {Z, \ m) U {I^(C/,) : z G ®Z(to + 1)} 

and set Z' = {Z[, Z'^). It is easy to check that with this choice part (ii) of the 
corollary is satisfied. The proof is completed. □ 

6. Step 2: obtaining the set T and fixing the "direction" 

Our goal in this section is to analyze the second step of the proof of Theorem |31 
This is, essentially, the content of the following lemma. 

Lemma 21. Let d E N with d ^ 1 and bi,...,bd G N with bi ^ 2 for every 
i G {1, d}. Also let &, g, fe G N with b ^ 2 and q,k ^ 1. 
Assume that we are given 

(a) a finite vector homogeneous tree U with bu — (61, bd), 

(b) a homogeneous tree W with bw — b, 

(c) a node wq G W , 

(d) a subset LofN with \L\ = ^(U) and 

(e) for every j G {1, q} a level selection Dj : Cg)U 'P{W) with L{Dj) = L 
and such that wq G Dj(U(0)). 

Finally, let N with N ^ k and suppose that 

(64) MU) ^Mil(&i^_6i,...,6d_^|7V,fc,6«) +1. 

61— times times 

Then, either 

(i) there exist jo G {l,...,^}, a vector strong subtree Q 0/ U and a strong 
subtree P of W with Q(0) = U(0), F(0) = wq, /i(Q) = h{P) = k + l and 
such that 

(65) P(n)C fl D,,{u) 

ue(»Q(n) 

for every n G {0, k}, or 
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(ii) there exist a vector strong subtree U' o/U with U'(0) = U(0) and of height 
N + 1, po €z {0, 6—1} and J C {1, q\ with [Jl ^ q/b satisfying the 
following. For j ^ J and every vector strong subtree R of U' of height 
k + 1 and with R(0) = U'(0) the set 

(66) U( n D,{r)) 

n=l rGigiR(n) 

does not contain a strong subtree of Svlccw{wq"po) of height k. 

6.1. Proof of Lemma 1211 Assume that part (i) is not satisfied. This has, in 
particular, the following consequence. 

(H): for every R G Str^^]^(U) and every j G {1, q} there exists p G {0, b — 1} 
(depending, possibly, on the choice o/ R and j) such that the set 

(67) U( n D,{v)) 

n=l T£0R{n) 

does not contain a strong subtree of Slice w {wq^p) of height k. 

This assumption permits us to define a coloring C : Str"_|_;^(U) {0, b — 1}'^ by 

(68) C(R) — {pj^j^i Pj — min{p : (H) is satisfied for R, j and p} 

for every j G {1, ...,q}. 

By Corollary [7] and (|64|) . there exist U' G Str5^^;^(U) and a finite sequence (pj)j^i 
in {0, b—1} such that C(R) — {pj)'j^i for every R G Str°^;^(U'). By the classical 
pigeonhole principle, there exist po G {0, 6—1} and a subset J' of {1, q} of 
cardinality at least q/b such that pj = po for every j G Thus, with these choices, 
the second alternative holds true. The proof of Lemma [2l1 is completed. 

6.2. Consequences. We will need the following consequence of Lemma [21] 

Corollary 22. Let d G N with d ^ 1 and bi,...,bd G N with bi ^ 2 for every 
i G {1, d}. Also let 6, fc, to G N with 6^2 and k ^ 1. 
Assume that we are given 

(a) a finite vector homogeneous tree Z with bz — (6i, bd) and h{Z) ^ to+ 1, 

(b) a homogeneous tree W with bw ~ b, 

(c) a node w G W, 

(d) a nonempty subset A of (g)Z(TO) and 

(e) a level selection D : CgZ — ^ V{W) such that w G D{z) for every z G A. 
Finally, let N Cz N with N ^ k and suppose that 

(69) h{Z) ^ TO + Mil(6i^^^,...,6rf^^^^|iV,fc,6(ntib>)'"^ + 1. 

bi — times fc^- times 

Then, either 
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(i) there exist a vector strong subtree S of Z and a strong subtree RofW with 
S(0) G A, R{0) = w, h{S) = h{R) = fc + 1 and such that 

(70) i?(n)C fl D{s) 

se®S(n) 

for every n S {0, fc}, or 

(ii) there exist a vector strong subtree Z' of Z with U \ m — Tj \ m and of height 
(m + 1) + N, po G {0, ...,b- 1} and r C A with |r| ^ (1/&)|A| satisfying 
the following. // R' is a vector strong subtree ofTJ with R'(0) G T and of 
height fc + 1, then the set 

(71) U( n Dir)) 

n=l rei8R'(n) 

does not contain a strong subtree of Snccw{W"^'^'po) of height fc. 

Proof. We will argue as in the proof of Corollary[20l Specifically, let A = h{Z) — to. 
We write Z = (Zi,...,Zrf) and we set B = {bf^,...,b^^). For every z G (X)Z(m) 
let Succz(z) = {Zi,...,Z^) and notice that /i(B) = /i(Succz(z)) = A. Thus, as in 
the proof of Corollary BUI for every i G {l,...,d} we may consider the canonical 
isomorphism If between and Zf. The vector canonical isomorphism between 
(giB and (8)Succz(z) will be denoted by I^. 

For every z G A we define the level selection D^. : ®B V{W) exactly as we 
did in (|62p . By (|69l) and the estimate 

d 

(72) |A| < |®Z(m)| = ([]&,)™ 
we get that 

(73) MB) ^Mil(&i_A,-,&d^^|iV,fc,6l^l) +1. 

bi— times b^— times 

Hence, we may apply Lemma [H] to the family {D^. : z G A}. If the first alternative 
of the lemma holds true, then it is easily seen that part (i) is satisfied. 

Otherwise, we get U' G Str^_j^]^(B), po G {0, & — 1} and F C A of cardinality 
at least (1/6) |A| such that for every z G F and every R G Str°_|_j(U') the set 

k 

(74) u( n ^^(^)) 

"=1 re0R(ii) 

does not contain a strong subtree of Succw (W^^'po) of height fc. We have already 
pointed out in the proof of Corollary [^D] that for every i G {l,...,d} the family 
{If : z G ®Z{m)} has the following coherence property: for every z,t G CS)Z(m) if 
the finite sequences z and t agree on the i-th coordinate, then the maps If and I* 
are identical. Therefore, it is possible to select a vector strong subtree Z' of Z of 
height TO + {N + 1) with Z' \ m — Z \ m and such that for every z G F we have 
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Iz(U') = Succz'(z). It is then easy to check that part (ii) is satisfied for Z', po and 
r. The proof is completed. □ 

7. Step 3: small correlation 
This section is devoted to the proof of the foUowing resuh and its consequences. 

Lemma 23. Let d E N with d ^ 1 and bi, ...,bd,bd+i E N with hi ^ 2 for all 
i E {1, + 1}. Also let k E N with k ^ 1 and assume that for every < ?7 ^ 1 
the numbers LS{bi, ...,bd+i\k,ri) have been defined. 

Let q eN with q ^ 1 and < ryo ^ 1. Assume that we are given 

(a) a finite vector homogeneous tree U with bu — bd), 

(b) a homogeneous tree W with bw = bd+i, 

(c) a node Wq E W, 

(d) a subset LofN with \L\ — h(\J) and iw{wo) ^ minL. and 

(e) for every j E {1, q} a level selection Dj : ®U P{W) with L{Dj) = L. 

Finally, let N E N with N ^ 1 and suppose that 

(75) h{JJ) + Mil(6i, &rf|LS(6i, bd+i\k, 770), 1, q) - 1. 
Then, either 

(i) there exist Jq E {l,...,q}, a vector strong subtree Q 0/ U and a strong 
subtree P 0/ Succvi/(wo) with h(Q) = h{P) = k and such that 

(76) P(n)C fl D,,(vi) 

ue«iQ(n) 

for every n E {0, k — 1}, or 

(ii) there exists a vector strong subtree U' o/U with h{\J') — N and such that 
dens(i:'j(U'(0)) | wq) < 770 for every j E {!,..., q}. 

Lemma [23] corresponds to the third step of the proof of Theorem [31 It will be 
used, however, in a more convenient form which is stated and proved in §7.2. 

7.1. Proof of Lemma [231 We set 

(77) TVo -LS(6i,...,6d+i|fc,r,o) 
and 

(78) Afo-Mil(6i,...,6d|iVo,l,g). 
Also let 

(79) V = Ur(Mo-l). 
We consider the following cases. 
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Case 1: for everyv G ®V there exists j G {l,...,q} with deiis{Dj{'v) \ wq) ^ rjQ. In 
this case we will show that the first alternative of the lemma holds true. Specifically, 
we define a coloring C : ®V {1, ...,q} by the rule 

(80) C(v) =min{j e {l,...,q} : denspj(v) | wo) ^ m}- 

Since h(V) = Mq, by the choice of Mq in ((78)) . there exist jo £ {1, 9} and a vector 
strong subtree V' of V with /i(V') — No such that C(v) = jo for every v e (g)V'. 
We define DJ° : ^ V{Succw{wo)) by £'j7(v) = ^^^(v) n Succh.(«^o)- It 

follows that Dj° is a level selection with density at least 770 and of height A^o- 
Therefore, by the choice of Nq in (|77|) . we conclude that part (i) of the lemma is 
satisfied. 

Case 2: there is Vq G (>5V such that dens(_Dj(vo) | wq) < 770 for every j G {1, g}. 
By ([TS]) and ([79]), we have /i(Succu(vo)) ^ A^. Thus, part (n) is satisfied for 
"U' — Succu(vo) I" {N — 1)". The proof of Lemma [23] is completed. 

7.2. Consequences. We have the following. 

Corollary 24. Let d G N with d ^ 1 and bi, ...,bd,bd+i G N with bi ^ 2 for all 
i G {1, ...yd + 1}. Also let k Cz N with k ^ 1 and assume that for every < rj ^ 1 
the numbers ljS{bi, ...,bd+i\k,ri) have been defined. 

Let < ?7o ^ 1 and m G N and define q ~ q{bi, ...,bd,rn) as in Assume 
that we are given 

(a) a finite vector homogeneous tree 7i with bz = (^1, bd) and h(7i) ^ m + 2, 

(b) a homogeneous tree W with bw = bd+i, 

(c) a node w G W , 

(d) a subset L = {Iq < ... < lh{z)-i} o/N with £w{u!) ^ Im+i, 

(e) for every n G {0, ...,m} a nonempty subset r„ of 'S>'Z{n) and 

(f) a level selection D : ®Z V{W) with L{D) = L. 
Finally, let N with N ^ 1 and suppose that 

(81) h{Z) ^ (TO + l) + 7V + Mil(6i,...,6d|LS(6i,...,6d+i|fc,r/o),l,g) -1. 
Then, either 

(i) there exist a vector strong subtree S of Z with S(0) G To U ... U r,„ and 
h{S) = k + 1 and a strong subtree R of Succwiw) with h{R) — k such that 

(82) R{n)C f] D{s) 

sG®S(n+l) 

for every n G {0, fc — 1}, or 

(ii) there exists a vector strong subtree Z' of Z of height (m + 1) + A'^ and with 
Z' \ m = Z \ m and satisfying the following. For every F' G Str2(Z') with 
F'(0) G To U ... U Tm and (X)F'(l) C (g)Z'(m + 1) we have 

(83) dens( f] D{z) \ < tjq. 

zeig)F'(i) 
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Proof. We will reduce the proof to Lemma [23] using the notion of vector canonical 
isomorphism exactly as we did in the proofs of Corollary [20l and Corollary [221 The 
reduction in this case is slightly more involved but the overall strategy is identical. 

Specifically, let A = h{Z) — {m + 1). We write Z — {Zi, Zd) and we set 
B = (6f ^, b<^). Also, for every z e ®Z(to + 1) we set Succz(z) = {Zf, Z^). 
As in the proof of CoroUary[20l for every i G {1, by If we shall denote the 

canonical isomorphism between fe^^ and Zf. The vector canonical isomorphism 
between (X)B and (X)Succz(z) will be denoted by Iz. We define 

(84) J" = {F G Str2(Z) : F(0) G To U ... U T™ and ® F(l) C ®Z(m + 1)}. 
By Fact [4| and the choice of q, we have the estimate 

(85) \T\ ^ q. 

For every F e we define Dp : (X)B VCW) by the rule 

(86) DFin)= fl D{Uu)). 

zG«)F(l) 

Notice that Dp is a level selection with L{D-p) = {Im+i < ■■■ < lh{z)-i}- Moreover, 

m 

(87) h{B) ^ iV + Mil(6i,...,6d|LS(6i,...,6d+i|fc,ryo),l,<z) -1 

|85j 

^ iV + Mil(6i, 6d|LS(6i, r/o), 1, |^|) - 1. 

Therefore, by Lemma [23l applied to the family {Z?f : F e 7^}, we get that one of 
the following cases is satisfied. 

Case 1 : there exist G J- . a vector strong subtree Q o/ B and a strong subtree R 
o/Succvi/(t«) with /i(Q) — h{R) — k and such that 

(88) R{n)C Pi Dg{u) 

ue®Q(n) 

for every n G {0, k — 1}. In this case, we will show that the first alternative of 
the corollary holds true. Specifically, write G = (Gi, Gd) and Q = (Qi, Qd). 
Since G G there exists toq G {0, ...,m} such that G(0) G r„j„. For every 
i G {1, d} we set 

(89) = G,(0)U y If(Q,) 

ze(»G(i) 

and we define 

(90) S^{Si,...,Sd). 

It is easy to see that S is a vector strong subtree of Z with h{S) = k + 1 and such 
that S(0) = G(0) G r„jQ. Moreover, we have the following. 

Fact 25. We have ^S{n + 1) = {Iz(u) : u G (8)Q(n) and z G ig)G(l)} for every 
n G {0,...,fc- 1}. 
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Fact [25] is a rather straightforward consequence of the relevant definitions. Now 
let n G {0, fc - 1} be arbitrary. By dH]), ([86]) and Fact EH we have 

(91) i?(n)C fl fl D{Uu))^ fl Dis). 

ue®Q(n) ze®G(l) se®S(ri+l) 

Thus, in this case part (i) of the corollary is satisfied. 

Case 2: there exists a vector strong subtree U' o/B with /i(U') = N and such that 

(92) dens(i:'F(U'(0)) \ w) < t]o 

for every F G J^. As the reader might have already guessed, we will show that the 
second alternative of the corollary holds true. To this end write U' = {U[, ...,U^). 
For every i e { 1 , . . . , d} we set 

(93) Z',^iZ,\m)D U I^({/;) 

zeig)Z(m+l) 

and we define 

(94) Z' = {Z[,...,Z',). 

It is easy to check that Z' is a vector strong subtree of Z of height {m + 1) + N 
and such that Z' \ m = Z \ m. Also notice that there exists a natural bijection (p 
between (X)Z(m + 1) and ®Z'(m + 1). It is defined by the rule 

(95) ^(z)-I,(U'(0)). 

Observe that the map cj) has the following coherence property: if F' £ Str2(Z') 
with ®F'(1) C (g)Z'(m + 1), then there exists F G Str2(Z) with F'(0) F(0), 
(X)F(l) C ®Z(m + 1) and such that F(l)) = (X)F'(l). These remarks yield the 
following fact. 

Fact 26. Let F' e Str2(Z') with F'(0) G Fo U ... U F^ and (g)F'(l) C ®Z'(m + 1). 
Then there exists F G J" such that (g)F'{l) = {l2;(U'(0)) : z G ®F(1)}. 

The vector strong subtree Z' of Z satisfies all requirements of part (ii). Indeed, 
we have already pointed out that h{Z') = {m + 1) + N and Z' f m — Z f m. Now 
let F' G Str2(Z') with F'(0) G Fq U ... UF,„ and ®F'(1) C ®Z'(to + 1) be arbitrary 
By Fact El there exists F G J" such that ®F'(1) = {lz(U'(0)) : z G «)F(1)}. It 
follows that 



w 



(96) dens( p| D(z) | ib^ ^ dens( p| d(i^{V'{0)) 

ze®F'(i) ze8F(i) 

# dens(i?F(U'(0)) \w)^m- 
The proof of Corollary EH is completed. □ 
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8. Performing the algorithm 

Our goal in this section is to perform the algorithm outlined in §4 using the 
analysis of the three basic steps given in §5, §6 and §7. We recall that this algorithm 
is part of the inductive scheme described in (1301) . In particular, we make the 
following assumptions which will be repeatedly used throughout this section. 

Assumptions. We fix d E N with d ^ I, bi, ...,bd,bd+i G N with bi ^ 2 for all 
i G {1, ...,d + 1}, k e N with k ^ 1 and < £ ^ 1. We will assume that for 
every integer £ ^ 1 and every real < rj ^ 1 the numbers UDHL(6i, bd\i, rj) and 
ljS{bi, ...,bd+i\k,r]) have been defined. 

8.1. Initializing various numerical pairameters. First we set 

(97) Xo = UDHL(6i,...,6d|2,£/(46d+i)). 

The number Kq is the number of iterations of the algorithm. Next we set 

(98) r = f 

The quantity r will be used to control the density increment. Finally let 



(99) 

and set 
(100) 



The quantity will be used to quantify what "negligible" means in the third step 
of each iteration. 

8.2. Functions that control the height. Each time we perform a basic step of 
the algorithm we refine the finite vector homogeneous tree that we have as input to 
achieve further properties. The height of the resulting vector strong subtree will be 
controlled by three functions /i,/2 and f^ corresponding to the first, second and 
third step respectively. 

Specifically, we define /i : N ^> N by /i(0) = and 

(101) /i(n)= ri/r3]UDHL(fei,...,fed|n,r3) 

for every integer n > 1. Next let /2 : N — > N be defined by f2{n) ^ ii n < k and 

(102) f2{n) ^Mi\(^bi^_^, ...,bd^^^\n,k,b^^^^^ 

fci— times fcrf— times 

for every integer n ^ k. Also we define /s : N — > N by 

(103) /3(n) = Mil(5i, 6d|LS(6i, bd+i\k, 0o), 1, Qo)+n~ 1. 
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Finally, let g : N ^ N be defined by the rule 

(104) g(?^)-(/io/2o/3)(n) + l. 

It is, of course, clear that the function g will be used to control the height of the 
resulting vector strong subtree after all steps have been performed. 

8.3. Control of loss of density. Recall that, by Lemma [151 if we have "lack of 
density increment" then it is always possible to have strong denseness loosing just 
a small amount of density. This basic fact will be repeatedly used while performing 
the algorithm and is appropriately quantified as follows. 

We define {Sn)n=o~^ ^'^'^ {^n)n=o recursively by the rule 

(105) < ^' e9M/9 J So £, ,j. J. c- N 

[ On+l = [On +0n) [ £„+l = £„ - (03n + 03n+l + 03„+2)- 

The sequence {Sn)n=o~^ ^^^^ used to control the loss of density at each step of 
the iteration while the sequence (en)^=o stands for the density left at our disposal. 
We will need the following properties satisfied by these sequences. 
(Vl) For every n € {0, SKq - 1} we have (5„ < 2r'^"\ 
{P2) For every n G {0, SKq - 2} we have X;Lo = ^n+i " 
(P3) We have E^=o"' e/2. 

(7^4) For every n G {0, Kq — 1} we have e„+i = e — J^T^o'^ ^i- 
(■P5) For every n G {0, K^} we have e/2 ^ Sn ^ £■ 
(VG) For every n G {0, Kq — 1} we have 

(106) (S3« ^ S3K0-3 ^ ( ) ' < f Y- 

The verification of these properties is fairly elementary and is left to the reader. 
We simply notice that properties (PS) and (P6) follow by the choice of r in ([95)1 . 

8.4. The main dichotomy. We are now ready to state the main result in this 
section which is the last step towards the proof of Theorem [31 

Lemma 27. Let T be a finite vector homogeneous tree with 6t = (^i, ■■■,bd), W 
a homogeneous tree with byy = 5^+1 and D : (g)T — > T'{W) a level selection with 
5{D) ^ e. Also let M G N with M ^ k and assume that 

(107) h{T)-^ g^'^"\M). 
Then, either 

(i) there exist a vector strong subtree T' of T with h{T) — M and w' £ W 

such that D is {w' , T', e + r"^ 12) -dense, or 
ill) there exist a vector strong subtree S o/ T and a strong subtree RofW with 
h{S) — h{R) = fc + 1 and such that for every n G {0, k} we have 

(108) R{ji) C Pi ^(s). 

sG(»S(n) 
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8.5. Proof of Lemma 1271 Assuming that neither (i) nor (ii) are satisfied we will 
derive a contradiction. In particular, recursively we will construct 

(a) a finite sequence (Z„)^^g ^ of vector strong subtrees of T, 

(b) a finite sequence 

(^n)^=o ^ of subsets of W, 

(c) two finite sequences (u.„)^^o 1 and (?i)„)^^o ' of nodes of W, 

(d) two finite sequences (A„)fjlo ^ and (r„)fjlo 1 of subsets of ®T and 

(e) a strictly increasing finite sequence {^n)nlo^ iii 
such that, setting 

(109) Tn = {e e Str2(Z„) : F(0) G To U ... U r„ and ® F(l) C (8)Z„(n + 1)}, 

for every n G {0, ...jifo — 1} the following conditions are satisfied. 

(CI) We have 4 = mini(i:'), Aq = D{T:{Q)) and Aq Tq = T(0). 

(C2) We have /i(Z„) = n + 1 + g^^^-^^-^^M) and Z„(0) = T(0). Moreover, if 

n ^ 1, then Z„ f n = Z„_i [" n. 
(C3) For every z G ®Z„(n) we have L'(z) C W{in). 

(C4) The level selection 13 is (w„, Succz„(z), e„-|_i)-dense for all z G (X)Z„(n+ 1). 
(C5) If n ^ 1, then ^„ C Succh/(w„_i) n W(ln) and dens(Ai | i"n-i) ^ e/8. 
(C6) Un^ 1, then A„ is a subset of ®Z„_i(rt) of cardinality (e/4)|(g) Z„_i(7i)|. 
(C7) We have r„ C A„ with |r„| ^ (l/6d+i)|A„|. 
(C8) We have 

(110) dens( U fl Diz) \ w,,) ^ e/8. 

Fejr„ ze«iF(i) 

(C9) If n > 1, then 

(111) A„n( U fl i3(z))=0. 

FeJ^„_i ze«iF(i) 

(CIO) We have 

(112) Wn eAnf) Pi i3(z). 

zeA„ 

(Cll) We have u;„ G ImmSuccvy (w„). 

(C12) For every R G Strfc+i(Z„) with R(0) G Fq U ... U F„ the set 

k 

(113) U fl D{z) 

j=i ze®R(j) 

does not contain a strong subtree of Succ^y (wn) of height k. 

As the first step is identical to the general one, let n G {0, ...jKo — 2} and assume 
that the construction has been carried out up to n so that the above conditions are 
satisfied. 



DENSE SUBSETS OF PRODUCTS OF FINITE TREES 29 

Step 1: selection of (.n+i,An+i,Wn+i and A„+i. Let In+i be the unique element 
of the level set L[D) of D such that 

(114) Z?(z) C W{ln+l) 

for every z £ (g)Z„(n + 1). For every w £ W{£n+i) we set 

(115) A„ = {z e ®Z„(n + 1) : w e L>(z)} 
and we define 

(116) Bn+i = {w e Succw(wn) n iy(C+i) : |A«,| ^ (e„+i/2)|® Z„(n + 1)|}. 

By condition (C4), the level selection D is (w„, Succz„ (z), en+i)-dense for every 
z G (g)Z„(7i + 1). Therefore, 

(V5) 

(117) dens(B„+i | w„) ^ £„+i/2 ^ e/4. 
Next we set 

(118) A„+i-S„+i\( U fl D(z)). 

FeJ^„ ze(giF(i) 

Using estimates (jllOp and (|117p . we see that with these choices conditions (C5) 
and (C9) are satisfied. 

We proceed to select the node Wn+i and the set A„+i. This will be done with 
an appropriate application of Corollary [20l Specifically, we set 

(119) Ah^ihof,){g(^o~^^-^\M)). 
Notice that M2 ^ M ^ fc ^ 1. Moreover, 

(120) h{Zn) ' = ^ (n+l)+.g(^"-"-i)(M) 

EH 



m (, + 2) + (Ao/,o/3)(5(^-"-2)(M)) 



(n + 2) + /i(M2) 
^ (n + 2) + — UDHL(&i,...,6d|M2,r3). 

Also, 

(121) 7o(e„+i,e, r) ^ {e + - Sn+iY 

3n+2 
i=Q 

By ([37l) . (|38|) . (|105p and the above identity, we see that 

(122) 7i(e„+i,e, r) = (53(„+i)+i and 72(£„+i, e, r) = (53(„+i)+2- 
Finally, by properties {V5) and (VG), we get 

^4(ni=i&i)"+^&d+i^ 



JMl , ^2„ _^l/2 

3n+2 T 

+ ?- I = 03(«+l) 
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It follows by condition (C4) and the above discussion that we may apply Corollary 
EQlfor "a = £„+i", "/3 = £", "e = r", ''-f^ = 63(^+1)+^ for i € {0, 1, 2}, 
"to = n + 1", "Z = Z„", ''w = Wn'\ = £„+i", M = A„+i", "Z? = D f Z„" and 
'W = M2" (for the first step of the recursive selection we set "Z = T" , "w = 1^(0)" 
and "to = 1" ; the rest of the parameters are chosen mutatis mutandis taking into 
account the choices we made in condition (CI) of the recursive construction). We 
have already pointed out that M2 ^ M . Since we have assumed that part (i) of 
the lemma is not satisfied, we see that the second alternative of Corollary [501 holds 
true. Therefore, there exist a vector strong subtree Vi of Z„ and a node w e An+i 
such that 

(la) /i(Vi) = (n + 2) + M2, 

(lb) Vi \{n + l) = Z„ \{n+l) and 

(Ic) D is {w, Succvi (z), e„+2)-strongly dense for every z G ®'Vi{n + 2). 
We set 

(124) Wn+i = w and A„+i = 

and we observe that with these choices condition (C6) and (CIO) are satisfied. The 
first step of the recursive selection is completed and, so far, conditions (C5), (C6), 
(C9) and (CIO) are satisfied. 

Step 2: selection of Tn+i and Wn+i- In this step we will rely on Corollarv 1221 
Precisely, we set 

(125) Mi = /3(<7(^"-"-2)(M)) 
and we observe that Mi ^ M ^ k. Moreover, 

(126) /i(Vi) (n + 2) + Af2 



^ (n + 2) + (/2o/3)(5(^-"-2)(^^)) 



^ in + 2) + MM,) 
^ in + l) + Mi\(^h^_^,-.-,bd^_^ )+l. 

61— times bti— times 

Using this estimate and the fact that condition (CIO) has already been verified 
for n + 1, we may apply Corollarv [22] for "6 = "to = n + 1", "Z = Vi", 

= Wn+i\ "A = A„+i", "D = Z? f Vi" and "TV = Mi". Recall that, by 
our assumptions, part (ii) of the lemma is not satisfied. It follows that the second 
alternative of Corollary [22] holds true. Therefore, there exist a vector strong subtree 
V2 of Vi, po G {0, bd+i — 1} and a subset T of A„+i such that 

(2a) h{V2) - (n + 2) + Afi, 
(2b) V2 r(n + l) = Vi \{n+l), 
(2c) |r| ^ (l/6<i+i)|A„+i| and 



DENSE SUBSETS OF PRODUCTS OF FINITE TREES 



31 



(2d) for every R e Strfc+i(V2) with R(0) 6 T the set 

fc 

(127) U fl D{z) 

j=i ze®R(i) 

does not contain a strong subtree of Succw (w^+iPo) of height k. 

We set 

(128) Wn+i = w'^+iPq and r„+i = T. 

and we observe that with these choices conditions (C7) and (Cll) are satisfied. The 
second step of the recursive selection is completed. 

Step 3: selection of Z„+i . As the reader might have already guessed, the selection 
of Z„+i will be achieved with the help of Corollary [M] To apply Corollary Eil 
however, we need to do some preparatory work. 

Firstly, we will use our inductive hypotheses to strengthen property (2d) above. 
Specifically, by (lb) and (2b), we have that V2 is a vector strong subtree of Z„ 
with V2 \ {n + 1) = Z„ \ {n + 1). Moreover, Wn+i £ ImmSucci^ (wn+i) and 

JTTSl fTTel 

(129) Wn+l 6 An+1 C Bn+1 C SnCCw{u!n). 

Taking into account these remarks and using condition (CI 2) for Z„, we arrive at 
the following. 

(2e) For every R G Strfe+i(V2) with R(0) G Fq U ... U r„+i the set 

fe 

(130) U fl D{z) 

j=i ze®R(j) 

does not contain a strong subtree of Succvi/(wn+i) of height k. 
Next we set 

n.n (, u , ..IB (^tIfe^)"^'-(^tIM"^' 

(131) (7„ = g(6i,...,6d,n + l) = 

^^=l^: 

and we notice that 

(132) g„ < Qo- 



Finally, let 
(133) 



Mo = (/(^"-"-^^M) 
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and observe that 

(134) hiV2) {n + 2) + Afi ^ (n + 2) + h{g^''°-"-'HM)) 

9 (n + 2) + /3(M„) 

9 (n + 2) + Mo + Mil{h, 6d|LS(6i, bd+i\k, 9o), 1, Qo) - 1- 
fT32t 

^ (n + 2) + Mo + Mil(6i, 6d|LS(6i, Oo), 1, - 1. 

Therefore, we may apply Corollary [24] for "770 = 6*0" , "m = n + 1" , "Z = V2" , 
"li} = wn+i \ the family "{Fq, r„+i}" , -'0 = 0] V2" and "iV = Mq". The 
first alternative of Corollary [M] contradicts (2e) isolated above. Thus, there exists 
a vector strong subtree V3 of V2 such that 

(3a) hiVs) = {n + 2) + Mo ^ (n + 2) + g^^»-^-^HM), 
(3b) V3 r (n + 1) = V2 r (n + 1) and 

(3c) for every F e Str2(V3) with F(0) G roU...ur„+i and (g)r(l) C (g,Y3{n + 2) 
we have 

(135) dens( f] D{z) \ Wn+i) < 9o- 

zG«iF(l) 

We set 

(136) Z„+i = V3 

and we claim that with this choice all conditions are satisfied. Recall that conditions 
(C5), (C6), (C7), (C9), (CIO) and (Cll) have aheady been verified and so we only 
have to argue for the rest. Condition (CI) is just an initial assumption. Conditions 
(C2) and (C3) follow by (HHl), (lb), (2b), (3a) and (3b). Condition (C4) follows by 
(Ic) and the fact that Z„+i is a vector strong subtree of Vi. To sec that condition 
(C8) is satisfied notice that, by FactlH we have 

in IMl 

(137) |J-„+i| ^ g(6i,...,6d,n + l) Qo- 
Hence, 

(138) dens( |J f| D(z) | w^^+i) ^ 60Q0 ^ e/8. 

FeJ^„+i ze®F(i) 

Finally, condition (C12) follows by (2e) and the fact that Z„_|_i is a vector strong 
subtree of V2 . The recursive selection is completed. 

Getting the contradiction. We are now in a position to derive the contradiction. 
By condition (C2), we have /i(Zko-i) ^ Kq. We set B = Z^o-i t {Ko - 1)- 
By conditions (CI), (C2), (C6) and (C7), we see that r„ is a subset of (g)B(n) of 
cardinality at least (e/45d+i)| ® B(rt)| for every n £ {0, Kq — 1}. Next observe 
that h-B — (61, ...,bd). Hence, by the choice of Ko in ([57)1 . there exist G S Str2(B) 
and < Tio < ni < such that G(0) e T^o and (8)G(1) C r„^. 
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By condition (C2) and the choice of B, we have that B f ni = Z„j_i |" ni. 
Therefore, by ()109|) and the properties of G, we see that G G J'm-i- Moreover, by 
condition (CIO), we have Wn-^ G A^m- Thus, invoking condition (C9), we conclude 

(139) Wn, i fl D{'l). 

zG«)G(l) 

On the other hand, however, invoking condition (CIO) we get that 

_ (C7) _ _ 

(140) u;„, G fl Di-L) C fl I?(z) C f D{-l). 

zeA„j zer„^ ze(»G(i) 

This is clearly a contradiction. The proof of Lemma [57] is thus completed. 
9. Proof of the main results 

This section is devoted to the proofs of Theorem|3]and Theorem [T2l We will give 
the proof simultaneously for both results following the inductive scheme outlined in 
§4. As we have already mentioned in §2.7, the numbers UDHL(&|fc,£) are defined 
by Lemma[5] In fact, we have UDHL(6|fc,e) — Ob.e{k). 

So let d G N with d ^ 1 and bi, bd E 'N with bi ^ 2 for ah i G {1, d} and 
assume that the numbers UDHL(6i, ...,bd\£,ri) have been defined for every integer 
£ ^ 1 and every real < ^ 1. Let 6^+1 G N with bd+i ^ 2 be arbitrary. We will 
define, recursively, the numbers LS(6i, ...,bd,bd+i\k, e) for every integer fc ^ 1 and 
every < e ^ 1. 

To this end notice that LS{bi, ...,bd,bd+i\l, s) ~ 1. Let fc G N with fc ^ 1 
and assume that the numbers ljS(bi, ...,bd,bd+i\k,ri) have been defined for every 
< ?7 < 1. Also let < e ^ 1 be arbitrary. From our data &i, bd, bd+i,k and e 
and the inductive assumptions, we may define the integer Kq, the positive constant 
r and the function (; : N — N as in ((97)) . (|98|) and (|104p respectively. By Lemma 
[?n setting 

(141) K,=Ko\2/r^], 
we see that 

(142) LS(6i,...,6d,&d+i|fc + l,£) <.g(^^)(fc + l). 

Having define the numbers LS{bi, ...,bd,bd+i\k + l,e) for every < £ ^ 1, the 
corresponding numbers UDHL(6i, bd, bd+i\k + 1, e) can then be estimated easily 
using Fact [T3l The proofs of Theorem [3] and Theorem [T2l are completed. 

10. Appendix: proof of Theorem [5] 

The family of functions {(pk ■ k ^ 1} will be defined recursively. Notice that the 
case "/c = 1" is just the finite version of the Halpern-Lauchli Theorem for vector 
homogeneous trees. The existence of the corresponding function 0i : — N 
follows by 1211 Theorem 5]. An essential ingredient for obtaining this bound is the 
work of S. Shelah [28] on the "Hales- Jewett" numbers JA^. The relation between 
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the Halpern-Lauchli Theorem for vector homogeneous trees and the Hales- Jewett 
Theorem is well understood (see, e.g., [211113]) and can be traced in the works of 
T. J. Carlson and S. G. Simpson 5 and T. J. Carlson [3]. 

Now let fc e N with fc ^ 1 and assume that the function has been defined. 
To define the function 4'k+i we need, first, to briefly outline the general inductive 
step of the proof of Milliken's Theorem emphasizing, in particular, the bounds we 
get from the argument. The details are fairly standard (see, e.g., [33]) and are left 
to the reader. 

So assume that the numbers Mi\{b[, ...,b'^,\£, k,r') have been defined for every 
integer d' ^ 1, every b[,...,b'^, G N with b'- ^ 2 for all i £ {!,..., d'}, every integer 
£ ^ k and every integer r' ^ 1. 

We fix d e N with d ^ 1 and bi, ...,bd e N with bi ^ 2 for all i G {1, ...,d}. 
Also let r G N with r ^ 1 be arbitrary. It is convenient to introduce some notation. 
Specifically, for every finite vector homogeneous tree T with /i(T) ^ fc + 1 and every 
integer n ^ h{T) — (fc + 1) we set 

(143) Str^+i(T) = {S e Strfe+i(T) : S(0) G ^T{n)}. 
We have the following. 

Lemma 28. Let n, N G N with N ^ k. Also let T be a finite vector homogeneous 
tree with 6t = (^i, bd) and such that 

(144) h{T) ^ (n + l)+Mil(6i^^,...,6d^_6d|A^,fc,r(nti''0"^ 

bi— times times 

Then for every r-coloring o/ Str5!_|_j^(T) there exists a vector strong subtree S o/ T 
with S \ n^T \ n, h{S) = {n + 1) + N and such that for every R, R' e Str^!-+i(S) 
z/R(0) = R'(0), then R and R' have the same color. 

Now let TO G N with m ^ fc + 1 be arbitrary and set 

(145) Mi{m) = Mil(fei, bb\m, 1, r). 
Also let g : N — > N be defined by g{n) = if n < fc and 

(146) g(n) = Mil(6i_^,...,&d^^|n,fc,r(ntifc.)"i<'"'-^) +1 

6i— times times 

for every n ^ k. The following result is based on Lemma US] and completes the 
outline of the general inductive step of the proof of Milliken's Theorem. 

Lemma 29. We have 

(147) Mil(6i,...,&d|m,fc + l,r) g(*^i("»(fc). 



We are now ready to define the function (j>k+i- First we define C : N'^ ^ N by 
(148) C(&,m,r) = </>!(&, m,r). 
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(151) 



Also let w : N be defined by 

(149) a;(6,TO,r) = r''^''''"''^'. 

Using the fact that the function (fii belongs to the class and elementary properties 
of primitive recursive functions (see, e.g., [26]), it is easy to check that C and w 
belong to the class S'^ . Next we define / : -J- N by 

(150) /(&, m, r) — 4>h {b, m, uj{b, m, r)) + 1. 

By our inductive assumptions, the function ipk belongs to the class E^'^''. Hence, 
so does /. Finally, define V' : -> N recursively by the rule 

{■0(0, 6, m, r) — m, 
i/)(i + l,b,m,r) = f{b,i){i,b,m,r),r). 

and set 

(152) (f)k+i{b,m,r) = ip(C{b,m,r),b,k,r) . 

The function (f>k+i is the desired one. Indeed, notice that (j)k+i belongs to the class 
^5+fc+i^ Moreover, using Lemma it is easily checked that 

d 

(153) Mi\{bi,...,bd\m,k + l,r) ^ 0,.+! ( [| 6^ , m, r) . 

i=l 

The proof of Theorem [S] is completed. 
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